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Abstract. In this paper we study the commutativity of the Frobenius functor 
and the colon operation of two ideals for Noetherian rings of positive charac- 
teristic p. New characterizations of regular rings and local UFDs are given. 



1. Introduction 

In this short note, we study the commutativity of the Frobenius functor and the 
colon operation of two ideals for Noetherian rings of positive characteristic p. To 
this end, we introduce the following condition 

Condition (C). ((xi, Xi) : y)™' = {{x\, ...x?) : y q ) for all elements xi, ...,Xi,y G 
R and all q — p e , where R is a Noetherian ring of positive characteristic p (for i = 0, 
we set (xi, . . . , Xi) = 0). 

We say that R satisfies Coo if R satisfies C\ for all % > 0. 

A natural question is, can one characterize rings satisfying the condition (Cj)? 

It is easy to see that a Noetherian local ring of positive characteristic p satisfies 
condition (Co) if and only if it is a domain. In Section 2, we show that the condition 
(Coo) characterizes regular rings of positive characteristic. And in Section 3, we 
prove that the condition (C\) characterizes local UFDs. 

2. A CHARACTERIZATION OF REGULAR RINGS 

Characterizing regular rings has a long and rich history. For example, a Noe- 
therian local ring is regular if and only if it has finite global dimension (due to 
Serre, Theorem 19.2 in [6]). In particular, if the characteristic is positive, there is 
Kunz's characterization of regular local rings. 

Theorem 2.1. (Theorem 2.1, Theorem 3.3 in [5]) Let (R, m) be a Noetherian 
local ring of positive characteristic p > 0. Then the following are equivalent 

(1) R is regular 

(2) The Frobenius functor is exact 

(3) For some q — p e with e > 1 (equivalently for all q), Afl(i?/trJ 9 ]) = q d . 

In this section, we will prove the following characterization of regular rings. 

Theorem 2.2. Let (R, m) be a Noetherian local ring of positive characteristic p. 
Then the following are equivalent 

(1) R is a regular ring. 

(2) : jM) = (I : J)[«l for any pair of ideals I and J and all q = p e , e > 0. 

(3) (aM : x q ) = (a : x)^ for all m-primary ideals a, all elements x £ R, and 
all q = p e for e > . 

A lemma is needed before one can prove this characterization. 

l 
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Lemma 2.3. Let (R,m) be a Noetherian local ring of characteristic p > 0. Assume 
that (o^ : x q ) — (a : x)^ for all m-primary ideals a, all element x G R, and all 
q = p e for e > 1 . Let L C J be 2 ideals with I m-primary. Then 

A(i?//W) - \{J/I) ■ \(R/m [q] ) + \{R/J [q] ). 

Proof. Set I — A(J/7). Choose any nitration of I C J C R, 

I = Jo C Ji C J 2 C • • • C J = J C i?, 

such that Ji/Ji-i = i?/m, for all i = 1, ...,Z. That is to say, J; = (Jj_i,a;i) for 
some Xi G Ji such that (Jj_i : a;,) = m. (One can set Xi to be a preimage in J, 
of any generator of Jj/ Jj_i. (J*— i : aJj) = tn follows from the short exact sequence 
— ► R/(Ji-i : x^ — > J?/Jj_i — > i?/ Jj — > 0.) For all q, there is a corresponding 
filtration of jM C jM C i?, 

(1) /M = J^ 1 C jM c • • • C J ; M = jH C R, 

where j\ — i?/(Jj_j : a;?) (it follows from the short exact sequence — > 

i?/(j]l : *?) - JJ/jW, R/J® -> 0). But (J]f : x q ) = (Jj-i : a^ = m W , 
for each % = 1, hence A^/jM) = A(J/7) • A(7?/m[«l) + A(i?/jM) (from the 
additivity of A and the filtration {!])). □ 

Remark. In Lemma |2~31 if one does not have the assumption "(a^ : x q ) = (a : 
x yi\ f or a n m-primary ideals a, all element x £ R, and all q = p e for e > 0", then 
the inequality 

\(R/L lq] ) < A( J/7) • A(i?/m M ) + A(iJ/ J M ) 
always holds (cf. Lemma 2.1 in [4] or Proposition 5.2.1 in [1]). 

Proof of Theorem ] 2. 2\ (1)=>(2) is a well-known consequence from Theorem 1.1(2); 

(2) =>(3) is trivial. It remains to prove that (3)=>(1). 
Set J = R and 7 = in Lemma 1.3. We have 

X(R/m [pq] ) = A(i?/m M ) ■ A(i?/m M ). 

Dividing by q d , d = dim(i?), and taking limit over q — > oo, we have 

P d ■ e HK {R) = A(i?/m H ) • e HK (R), 

where eux (R) is the Hilbert-Kunz multiplicity of R and its existence is guaranteed 
by [2]i hence, \(R/m^) = p d , Theorem 1.1 completes the proof. □ 

Remark. It is easy to see that all three conditions (1), (2) and (3) in Theorem 
1.2 'localize'. One can prove it as follows. 

First, we prove ((7 : J)^) w = {Iw ■ Jw) [q] ■ "2", let (§)« € {I w ■ Jw) [q] , 
xJ C I, 8 G W. Then obviously, a£ G ((7 : J) [q] )w "C", let f £ ((J : J) [q] )w, 
where x G (7 : J), f = s^H? )«. But f G (7 W : J w ), (f )« 6 (7 W : Jw) M 

Next, we prove (7 : J)M = (jM : jM) => (7 W : Jw/) M = (7 W ) M : (Jiy) M - 
"C" is obvious. "D", f G ((7 W )M : {J w ) lq] ) iff f(J w ) M C (7vr) M . Then 
f ((^) q ,-,(^) q ) C (7 M /)M (we may assume that (ji,...,j r ) = J), clearing the 
denominators" we have sxJ^ C /M, then a; G (7^ : jM)w = ((7 : J) [9l )w/ = (L w ■ 

Jw) [q] - 

Hence we have 
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Theorem 2.4. Let R be a Noetherian ring of positive characteristic p. Then the 
following are equivalent 

(1) R is a regular ring. 

(2) (I [q] : J [q] ) = (I : J) [q] for all ideals I and J and for all q = p e , e > 0. 

(3) (a^l : x q ) — (a : x)^ q ' for all ideals a which are primary to some maximal 
ideal, all elements x £ R, and all q — p e , e > 0. 

From Theorem 12 A\ one can see that the condition (Coo) characterizes regular 
rings of positive characteristic. 

3. On the CONDITION (Ci) 

In this section, we will show that the condition (C\) characterizes local UFDs. 

Lemma 3.1. Let R be a Noetherian local ring of positive characteristic p and I an 
proper ideal of R. If (P q ' : r q ) — (I : ry q ' for all r G R and q — p e ,e > 1. Then 
1 = 1*. 

Proof. All we need to prove is that I* C /. Assume x G I* , then there exists c £ R° 
such that cx q G for q > 0. Hence, c G (1^ : x q ) — (I : x)^ for q > 0, which 
implies c G D 9 >o(^ • x )^- Since c ^ 0, (I ■ x) has to be R, i.e., x G I. □ 

Before we state and prove the key lemma fLemma !3.5|) . let us recall some theo- 
rems needed in the proof of Lemma 13.51 

Theorem 3.2. (Northcott-Rees Theorem) ft:/. [5],) Let R be a Noetherian local ring 
and I be an ideal of R. Define a function f assigning each positive integer n to the 
minimal number of generators of I n . Then there exists a polynomial H such that 
H(n) = f(n) for n 0. Moreover, deg(H) = 1(1) + 1, where 1(1) is the analytic 
spread of I . 

Proposition 3.3. (Proposition 8.3.8 in [3]) Let R be a Noetherian local ring and 
I be an ideal of R. Then there exists an integer n such that I n is integral over an 
ideal generated by 1(1) elements. 

Theorem 3.4. (Theorem 5.4 in [2]) Let R be a Noetherian ring of positive char- 
acteristic p, and let I be an ideal of positive height generated by n elements. Then 
for every m G N, I n+m C (I m+1 )* . In particular, 7™ CI*. 

Lemma 3.5. Let R be a Noetherian local ring of positive characteristic p. If 
((x q ) : y q ) = (x : y)^ for all x,y G R, all q = p e , e > 0, then ((x) : y) is a principal 
ideal for all x,y G R. 

Proof. First, we will prove that R is a domain. Assume that xy = and i / 0. 
Then yx q = for all q, i.e., y G ((0) : x q ). Hence, y G f\((°) : x<1 ) = f\((0) : 
x)M = (0) (since ((0) : x) is a proper ideal), i.e., y = 0. So, R is a domain. 

Assume that ((x) : y) is generated by gx,...,g t . Let n\,...,n t be nonnegative 

integers such that m H h n t = q, then g" 1 • • ■ g^y q = g^y 111 ■ ■ ■ gTv nt £ (% q )- 

Hence, g™ 1 • ■ ■ g"* G ((x q ) : y q ) = ((x) : y) [q] . But ((a;) : y) q is generated by 

' • ■ 9T\ S*=i n i = <?}> i( x ) '■ V) q = i( x ) '■ V) [q] - lt is obvious that the minimal 
nubers of generators of ((x) : y)^ is bounded by t (a constant), hence the poly- 
nomial associated to ((a;) : y) (ci. Theorem I3.2j) has to be a constant, i.e., has 
degree 0. Therefore, the analytic spread of ((x) : y) is 1. Hence, by Proposition 



4 



WENLIANG ZHANG 



13.31 there exists an integer n such that ((x) : y) n is integral over a principal ideal, 
say, (a), where a G ((x) : y) n is a nonzero element. Since R is a domain, (a) has 
positive height. Applying Theorem 13. 4[ one has (a) = (a)* (7* C I is always true 
all ideals I, Theorem 5.2 in [5]). But Lemma I3TT1 implies that (a) = (a)* So, (a) is 
integrally closed and hence ((x) : y) n = (a), ((x) : y) n is integral over a principal 
ideal, hence evrey power of ((x) : y) n is integral over a principal ideal. By the 
similar argument as above, each power of ((x) : y) n is principal. Therefore, the 
polynomial associated to ((x) : y) is 1. For m ^> 0, ((x) : y) m is principal, in 
particaul, ((x) : y) q is principal for 5 > 0. Assume ((x) : y) q — (g). Then there 
exist Ti 7 Si G R such that g\ = r^y and 5 = ^ s^y 9 . Then y = ^ rjSig. Since i? is 
a domain, X^ r i s i = !• There is at least one rj, say, ri, which is a unit. We may 
assume that ((x) : y) q — (gf). Then for any g i} g q ~ 1 gi G ((x) : y) 9 , i.e., there exists 
i, G i? such that g1~ 1 gi = Ugf. But then y^ = tigi, i.e., ((x) : y) — (gi). □ 

Theorem 3.6. Let R be a Noetherian commutative local ring of positive charac- 
teristic p. Then the following are equivalent 

(1) R is a UFD. 

(2) ((x 9 ) : y q ) — ((x) : y)^ for all elements x and y in R and all q = p e , e > 0. 

Proof. (1)=>(2). If one of x and y is or a unit, the conclusion is clear, we may 
assume that x, y ^ and that x and y are not units. We can write x = uj}™ 1 Xj, 
where u is a unit and x, L are prime elements, y can be written as y — vYi^—i yj-, 
where v is a unit and yj are prime elements. We will use induction on n to prove 
that ((a*) :y q ) = ((x) :y )W. 

n = 1. Assume ay 9 = 6x 9 , i.e., av q y\ = bu q fL =1 x 9 . If yi divides some x^, say, 
xi, then yi = xi (both are prime elements). Hence a = 6(- 11^2 G : 2/)^ 
(yi = xi implies that 2 FJ™ 2 x^ G ((x) : y)). If yi does not divide any Xi, then 
y? must divide b. Write 6 = b'y\, then we have a = b'{% J]™ 1 G (0) : 
So, ((x 9 ) : y 9 ) C ((x) : y)' 9 ^. Since the other direction is always true, ((x 9 ) : y 9 ) = 

n > 2. Assume ax 9 = 6y 9 , i.e., aw 9 nj=i ^ = bu q Y\iLi Hi - If Vn divides some x^, 
say, x\, then y„ = xi and ay 9 G (x)! 9 ] iff av q YYj=i Vj e (aO^- If Vn does not divide 
any Xi, then y 9 must divide b, again we have ay q G (x)^ iff av q nT=i r< j £ (x)^. 
Now the inductive hypotheses complete the proof. 

(2)=>(1). We will prove that i? is a domain and that every prime ideal of height 
1 is principal. 

From the proof of Lemma 13.51 one can see that R is a domain. Let p be a prime 
ideal of height 1. Let a be a nonzero element in p. Then p is an associated prime 
of (a). There exists b G Rj (a) such that Ann(fe) = p. Let b be any preimage of b in 
R, then p = ((a) : b). Applying Lemma [3~51 one has p is principal. □ 

Remark. In general, let R be a Noetherian integral domain, one can prove that 
R is a UFD if and only if ((x) : y) is pricipal for all elements x,y G R. 
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